Let O K = F q π be the ring of power series in one variable over a finite field, and let K be its fraction field. We introduce the notion of a "formal K-vector space"; this is a certain kind of K-vector space object in the category of formal schemes. This concept runs parallel to the established notion of a formal O K -module, but in many ways formal K-vector spaces are much simpler objects. Our main result concerns the Lubin-Tate tower, which plays a vital role in the local Langlands correspondence for GL n (K). Let A m be the complete local ring parametrizing deformations of a fixed formal O K -module over the residue field, together with Drinfeld level π m structure. We show that the completion of the union of the A m has a surprisingly simple description in terms of formal K-vector spaces. This description shows that the generic fiber of the Lubin-Tate tower at infinite level carries the structure of a perfectoid space. As an application, we find a family of open affinoid neighborhoods of this perfectoid space whose special fibers are certain remarkable varieties over a finite field which we are able to make completely explicit. It is shown in joint work with Mitya Boyarchenko that the ℓ-adic cohomology of these varieties realizes the local Langlands correspondence for a certain class of supercuspidal representations of GL n (K).
Introduction
Let K be a local nonarchimedean field, and let G 0 be a one-dimensional formal O K -module defined over the algebraic closure of the residue field of K.
In [Dri74] Drinfeld shows that the parameter space of deformations of G 0 is an affine formal scheme Spf A 0 , where A 0 is isomorphic to a power series ring in n − 1 variables over O K , where n is the height of G 0 . By considering deformations of G 0 equipped with Drinfeld level structures, Drinfeld constructs a tower A 0 → A 1 → . . . of regular local rings. These rings play a vital role in the local Langlands correspondence for GL n (K). Namely, the direct limit as m → ∞ of the space of vanishing cycles of the formal scheme Spf A m is known to realize the local Langlands correspondence ( [Boy99] , [HT01] ).
In this paper we consider the case where K has positive characteristic. Let A be the completion of lim − → A m with respect to the topology induced by the maximal ideal of A 0 . We give a surprisingly simple description of A, which allows us to make the actions of GL n (K) and its inner twist completely explicit. Our description is in terms of formal K-vector spaces, which are certain K-vector space objects in the category of formal schemes. For instance, one obtains a formal K-vector space from G 0 by considering the "universal cover"G 0 = lim ← − G 0 , where the transition map is multiplication by a uniformizer of K. In the mixed characteristic setting, a similar construction appears in [Fal10] , where it plays a role in the geometry of the period domain associated to G 0 , and also in the preprint [FF11] , where the term "espace vectoriel formel" is used.
A striking property of formal K-vector spaces is that they lift canonically through (topologically) nilpotent thickenings. In particular we may liftG 0 to a formal K-vector spaceG defined over Spf O K . Our main result (Thm. 4.5.1) is that Spf A is the formal subscheme ofG n cut out by a certain determinant condition.
To give the flavor of our result, let us spell out the n = 1 case. Let q be the size of the residue field of K and let π be a uniformizer, so that K = F q ((π)). Let K nr = F q ((π)). Then A m = O Km is the ring of integers in the field K m obtained by adjoining to K nr a primitive root t m of the mth iterate of a Lubin-Tate power series f (T ) (for instance f (T ) = πT + T q ). We assume that f (t m ) = t m−1 . Let K ∞ be the union of the K m ; then A is the ring of integers in the completion of K ∞ . Consider the element t = lim m→∞ t q m m , which converges in A. Then
where the ring on the right is the ring of fractional power series; i.e., it is the t-adic completion of the perfect closure of F q [t] . The Galois group Gal(K ∞ /K nr ) operates on A. With respect to the (suitably normalized) isomorphism Gal(K ∞ /K nr ) ∼ = O series in t by Eq. (1.0.1) which is O × K -invariant, but there seems to be no simple formula for it.
In the general case, we find an isomorphism
, . . . , X 1/q ∞ n .
With respect to this isomorphism, the action of GL n (O K ) can be made perfectly explicit. Let g ∈ GL n (O K ) have ijth entry equal to m≥0 a Let J 0 be the group of automorphisms of G 0 ; then J 0 is the group of units in the algebra of noncommutative power series m≥0 a m ̟ m over F q n , where the indeterminate ̟ satisfies ̟a = a q ̟ for all a ∈ F q n . Then the action of J 0 on A can also be made explicit: such a power series sends each X i to m≥0 a m X q m i . In contrast, the action of J 0 on A 0 = OK nr u 1 , . . . , u n−1 is a complete mystery.
With such an explicit description of the Lubin-Tate tower at infinite level, there arises the tantalizing hope for a purely local proof of the local Langlands correspondence. In §6 we present some encouraging results in this direction. Let M ad η be the adic geometric generic fiber of Spf A. Then M ad η is a perfectoid space in the sense of [Sch11b] . We construct a nested family Z 1 , Z 2 , . . . of open affinoid subspaces of M ad η . For each m we compute the special fiber Z m and observe that it is the perfect closure of a nonsingular affine variety X m which descends to the prime field. The actions of the relevant groups on X m remain perfectly explicit.
Therefore it becomes urgent to compute the ℓ-adic cohomology of the varieties X m . This is the content of joint work with Mitya Boyarchenko, which computes the cohomology of X m in every degree. See [BW11] for the details. The X m are quite remarkable. One interesting property is that the q n th power Frobenius map acts as the scalar (−1) i−1 q ni/2 on the degree i compactly supported cohomology of X m . Another property is that there is a large group U of automorphisms of X m such that the representation of U on i H i c (X m , Q ℓ ) decomposes into irreducibles with multiplicity one. [BW11] also confirms that the cohomology in the middle degree accounts for the local Langlands correspondence for a class of supercuspidals of GL n (K). This class consists of the supercuspidal representations of GL n (K) whose Weil parameter is induced from a one-dimensional character of the degree n unramified extension of K of conductor π m+1 , so long as that character satisfies a certain primitivity condition.
We find it likely that there are enough special affinoids in M ad η to account for the entire supercuspidal spectrum of GL n (K), and remain hopeful that their study could lead to a purely local proof of the existence of the local Langlands correspondence. The method of [BW11] produces some correspondence between supercuspidals and Weil parameters; this is shown manually to agree with the local Langlands correspondence, which happens to be known explicitly in these cases by work of Kazhdan and Henniart. For general supercuspidals it might be possible to check the correspondence afforded by the special affinoids against the purely local characterization of the local Langlands correspondence given in [Sch11a] .
A detailed study of the Lubin-Tate tower in equal characteristic has been carried out by Genestier and Lafforgue, in the second half of the book [FGL08] . There the authors construct an isomorphism between two formal schemes: one which is the inverse limit of formal models of the layers of the Lubin-Tate tower, and one which is the inverse limit of formal models of the layers of the Drinfeld tower. These formal schemes are rather more intricate than our Spf A-indeed, the special fiber of the Genestier-Lafforgue model is an infinite configuration of infinitely generated schemes, whereas the special fiber of Spf A is just a point. However, one notices that a significant role is played by the determinant morphism in both constructions.
Every result in this paper has an analogue in the mixed characteristic case. All Rapoport-Zink spaces at infinite level are perfectoid spaces which can be described in terms of "formal linear algebra": this is the subject of forthcoming work with Peter Scholze. The results of §6 hold in the mixed characteristic case as well-the varieties X m should be precisely the samebut the computations slightly more difficult because the operations in the relevant formal vector spaceG 0 cannot be made quite so explicit.
We thank Mitya Boyarchenko for pointing out many errors in an earlier draft of this paper.
Notation and basic definitions
Definition 1.1.1. A topological ring R is adic if there exists an ideal I ⊂ R such that R is separated and complete for the I-adic topology. Such an I is called an ideal of definition for R.
We will be working with the following categories (in addition to the obvious Sets):
• Vect k , vector spaces over a field k
• TopVect k , topological vector spaces over a topological field k
• Mod R , modules over a ring R
• Alg R , R-algebras
• Nilp R , R-algebras in which I is nilpotent (where R is an adic ring with ideal of definition I)
We often consider covariant functors F : Alg R → Sets, where R is some ring. Recall that such a functor is pro-representable by an affine formal scheme Spf A lying over Spec R if there is an ideal of definition I of A such that F(S) = lim − → Hom Alg R (A/I n , S) for all R-algebras S. In this scenario we will often confuse the functor F with the formal scheme which pro-represents it.
More generally, suppose R is an adic ring with ideal of definition I. A covariant functor F : Nilp R → Sets is pro-representable by an affine formal scheme Spf A if there is an ideal of definition J of A containing I such that F(S) = lim − → Hom Nilp R (A/J n , S) for all objects S of Nilp R . In that case we have a morphism of formal schemes Spf A → Spf R.
2 Formal vector spaces 2.1 Formal F q -vector spaces and coordinate modules For any F q -algebra R, write τ : R → R for the qth power Frobenius endomorphism. Let Nil(R) be the nilpotent radical of R. The functor R → Nil(R) is pro-representable by the formal scheme Spf F q X . The functor Nil ♭ which assigns to R the projective limit Nil ♭ (R) = lim ← −τ Nil(R) is pro-representable by the formal spectrum of the X-adic completion of lim − →τ F q X , which we call F q X 1/q ∞ . Explicitly, F q X 1/q ∞ is the ring of fractional power series of the form α c α X α , where α ∈ Z[1/q] ≥0 , subject to the constraint that for every N > 0, there are only finitely many nonzero coefficients c α with α < N .
For any perfect field k containing F q , and any
(The topology on G ♭,⊕d a,k (R) is the inverse limit topology.) Then G ♭,⊕d a,k is prorepresentable by a formal scheme, namely Spf k X
a,k is an F q -vector space object in the category of formal schemes over Spec k.
Definition 2.1.1. Let k be a perfect field containing F q . A formal F q -vector space of dimension d over k is a functor V : Alg k → TopVect Fq , such that there is an isomorphism V ≈ G ♭,⊕d a,k . Morphisms between formal F q -vector spaces are natural transformations between functors.
The qth power Frobenius morphism τ induces an F q -linear automorphism of G ♭ a,k . The ring End Fq G ♭ a,k of F q -linear endomorphisms of G ♭ a,k is the ring of noncommutative formal Laurent series k((τ )), where for α ∈ k, τ α = α q τ . Note that k((τ )) is naturally a topological ring, and for any k-algebra R, the action of k((τ )) on the topological F q -vector space G ♭ a,k (R) is continuous. The following notion is adapted from the definition of "module de coordonnées" appearing in [Gen96] , Ch. I.
(The Hom is in the category of formal F q -vector spaces over k.)
By the remark immediately preceding the definition, M (V) is naturally a left k((τ ))-module which is free of rank d.
Proposition 2.1.3. The functor V → M (V) is an anti-equivalence from the category of formal F q -vector spaces over k to the category of free left k((τ ))-modules of finite rank.
Proof. We describe the inverse functor. If M is a free k((τ ))-module of finite rank, let V : Alg k → TopVect Fq be the functor which inputs a kalgebra R and outputs the set of continuous homomorphisms e : M → Nil(R) which satisfy e(τ m) = e(m) q for all m ∈ M . (Here M has the topology induced from k((τ )), while Nil(R) has the discrete topology.) Then V is pro-representable by the desired formal F q -vector space.
Formal K-vector spaces
Now suppose K is a local field of positive characteristic. Write K = F q ((π)).
Definition 2.2.1. Let k be a perfect field containing F q . A formal Kvector space of dimension d over k is a functor V : Alg k → TopVect K , whose composition with the forgetful functor TopVect K → TopVect Fq is a formal F q -vector space of dimension d in the sense of Defn. 2.1.1.
In the case that V has underlying formal F q -vector space G ♭ a,k , then giving the K-vector space structure of V is one and the same as giving a
, which is in turn the same as specifying the image of π ∈ K, which must be an invertible, topologically nilpotent element of k((τ )). One sees the analogy with Drinfeld modules: a one-dimensional formal K-vector space is the local field version of a Drinfeld module, with the additional twist that the action of π has been rendered invertible.
If V is a formal K-vector space over k, then M (V) naturally becomes a module over K⊗ Fq k((τ )). That is, M (V) is a topological K⊗ Fq k-vector space together with a topologically nilpotent 1⊗τ -semilinear operator F : M (V) → M (V). Here we have abused notation slightly in writing τ : k → k as the qth power Frobenius endomorphism of k. Note that
It is easy to see that M (V) has finite dimension as a vector space over k((π)); we call this dimension the height of V. For instance, if V is a onedimensional formal K-vector space corresponding to a continuous homomorphism K → k((τ )), then the image of π in k((τ )), being topologically nilpotent, must have the form a n τ n + a n+1 τ n+1 for some n ≥ 1, a n = 0. Then n is the height of V.
Thus for a formal K-vector space V, the coordinate module M (V) is a nilpotent K-isocrystal.
From Prop. 2.1.3 we easily deduce the following proposition.
Proposition 2.2.3. The functor V → M (V) is an anti-equivalence from the category of formal K-vector spaces over k to the category of nilpotent K-isocrystals over k.
Proof. Once again, we indicate the inverse functor. If M is a nilpotent
. Then M * is also an isocrystal; in particular it is a finite-dimensional k((π))-vector space. Note that F is topologically nilpotent on M if and only if F −1 is topologically nilpotent on M * . Lemma 2.2.4. For a formal K-vector space V over k with associated Kisocrystal M , we have a natural isomorphism of topological K-vector spaces V(R) → (M * ⊗ Nil(R)) F ⊗τ for every R. Here (M * ⊗ Nil(R)) F ⊗τ is the space of vectors in M * ⊗ Nil(R) which are invariant under F ⊗ τ .
Proof. By the proof of Prop. 2.2.3, we have V(R) = Hom F,τ (M, Nil(R)), and this is the same as (M * ⊗ Nil(R)) F ⊗τ .
Some multilinear algebra
Given two formal K-vector spaces V and W over k, a natural transformation of functors δ : V n → W is K-alternating if for each k-algebra R, the map µ(R) : V(R) n → W(R) is an alternating K-multilinear map. Similarly, if M and N are two K-isocrystals, a map f : M n → N is a K-alternating map of isocrystals if it is K-alternating as a map between K-vector spaces and if it also satisfies f (F (m 1 ), . . . , F (m n )) = F (f (m 1 , . . . , m n )).
For a formal K-vector space V over k, let M (V) be the corresponding nilpotent K-isocrystal, and let M * (V) = M (V) * .
Theorem 2.3.1. K-alternating maps V n → W are in bijection with Kalternating maps of isocrystals M * (V) n → M * (W).
Proof. Given a K-alternating map of isocrystals µ : M * (V) n → M * (W), one gets an obvious K-alternating map
which is natural in R; thus by Lemma 2.2.4 we have a K-alternating map λ : V n → W . Conversely, suppose a K-alternating map λ : V n → W is given. To construct an alternating map M * (V) n → M * (W), suppose we are given elements e 1 , . . . , e n ∈ M * (V).
Let pr : R → k be the projection onto the coefficient of
j . Note that the sum is convergent because F −1 is topologically nilpotent on M * (V). Clearly α j is invariant under F ⊗ τ , so that α j may be identified with an element of V(R) (Lemma 2.2.4). We get the element λ(α 1 , . . . , α n ) ∈ W(R) ⊂ M * (W)⊗ Nil(R). Let
It is not hard to see that µ : M * (V) n → M * (W) is a K-alternating map of isocrystals, and that λ → µ is a double-sided inverse to the map µ → λ of the previous paragraph.
It is a simple matter to see that exterior powers exist in the category of K-isocrystals, and that every exterior power of a nilpotent K-isocrystal is also nilpotent. If V is a formal K-vector space of height n, let ∧V be the formal K-vector space associated to the top exterior power ∧ n M (V). Then ∧V has height one. Thm. 2.3.1 shows there is a K-alternating map δ : V n → ∧V which is universal among all K-alternating maps out of V n .
Formal vector spaces over adic rings
Let A be a complete local O K -algebra with maximal ideal I, such that k = A/I is a perfect field containing F q . Let V 0 be an n-dimensional formal K-vector space over k. We define a functor V :
Lemma 2.4.1. V is pro-representable by a formal scheme which is isomorphic to Spf A X
Proof. After choosing coordinates on V 0 , we have V 0 (R/I) = lim ← −τ Nil(R/I) n . But this inverse limit is in functorial bijection with lim
Let us define a formal K-vector space over A to be a functor V :
We have thus constructed a functor V 0 → V from formal K-vector spaces over k to formal K-vector spaces over A. We will refer to V as the lift of V 0 to A. If δ 0 : V n 0 → ∧V 0 is the determinant map from §2.3, then it is easy to see that δ 0 lifts to a K-alternating map δ : V n → ∧V of formal K-vector spaces over A, and that δ is the universal K-alternating map out of V n . A formal O K -module G over A pro-represents a functor Nilp A → Mod O K , which we write as R → G(R). Once a choice of coordinates on G is made, the underlying functor G :
there is no loss of generality in assuming that the underlying F q -vector space of G is the additive group. We will always make this assumption.
The universal cover
Note thatG is pro-representable by a formal scheme over Spf A. Indeed, G is pro-representable by a formal scheme isomorphic to Spf A X 1 , . . . , X n . ThusG is representable by the formal spectrum of lim − → A X 1 , . . . , X n , where the limit is taken along the endomorphisms of A X 1 , . . . , X n corresponding to multiplication by π in G.
Proof. The isogeny π : G → G factors as π = F n u, where F : G → G (q) is the Frobenius isogeny and u :
We have an isomorphism of functors Alg k → TopVect K :
ThereforeG is isomorphic to lim
The action of π onG(R) agrees with that of F n up to an invertible operator. This means thatG is a formal K-vector space of height n.
Proof. This follows from the fact that lim ← − G[π n ](R) does not have any π-torsion, and from the fact that every element in G(R) is π m -torsion for some m, because π is nilpotent in R.
Proposition 3.1.4. Let A be an adic O K -algebra and let I ⊂ A be an ideal of definition which contains π. Let G be a formal O K -module over A. Consider the functorG : Nilp A → TopVect K .
For every object R of Nilp
2. If we further assume that A/I is a perfect field, thenG is a formal K-vector space over A.
Proof. Choose a coordinate on G, so that the underlying F q -vector space ofG(R) may be identified with Nil(R) ⊕d . Let I R be the extension of I to R, so that I R is nilpotent. If (x 1 , x 2 , . . . ) ∈G(R) lies in the kernel of R(A) →G(R/I), then each x i lies in I ⊕d R . But the power series giving mutliplication by π in G has π ∈ I as its linear term, so it carries (I m R ) ⊕d onto (I We show the reduction map is surjective using the standard "Teichmüller lift". Suppose (x 1 , x 2 , . . . ) ∈G(R/I). Since I is nilpotent in R, we may lift each x i to an element y i ∈G(R). These will satisfy πy i − y i−1 ∈ ker(G(R) → G(R/I)). It is easy to check that the sequence y i , πy i+1 , π 2 y i+2 must stabilize to an element z i ∈ G(R); then (z 1 , z 2 , . . . ) ∈G(R) lifts (x 1 , x 2 , . . . ) ∈G(R/I). This settles part (1).
Part (2) follows from part (1) together with the discussion in §2.4: we have thatG 0 is a formal K-vector space over k, and part (1) shows thatG is its lift to A.
The first part of the lemma shows that the functorG : Nilp A → TopVect K only depends onG ⊗ A A/I, in a functorial sense. That is, there is a functor
4 The Lubin-Tate deformation problem at infinite level
Some local deformation rings
We recall the setup: K = F q ((π)), k is a perfect field containing F q , and L = K⊗k = k((π)). Let G 0 be a formal O K -module over k of dimension 1 and height n. Let C be the category of complete local Noetherian O L -algebras with residue field k. The functor C → Sets which assigns to R the set of deformations of G 0 to R is representable by a ring A 0 which is non-canonically isomorphic to O L u 1 , . . . , u n−1 . Here a deformation of G 0 to R is a pair (G, ι), where G is a formal O K -module and ι :
Let G be a deformation of G 0 to R. For m ≥ 1, we have the notion of a Drinfeld level structure for G[π m ] over R. In the case that G is one-dimensional, we may choose a coordinate X on G; then for α ∈ O K we write [α] G (X) = αX + · · · ∈ R X for the power series determining multiplication by α in G.
The n-tuple of images of the standard basis elements under φ will be called a Drinfeld basis
The functor C → Sets which assigns to R the set of deformations G of G 0 to R equipped with a Drinfeld π m level structure is representable by a local O K -algebra A m . If G univ is the universal deformation over A 0 , write X n . In our equal characteristic case, A m is a regular local ring containing its residue field k, so that A m is isomorphic to a power series ring over k in nvariables corresponding to the X (m) i
. We abuse notation slightly by writing:
as a power series with coefficients in A 1 , we have that
We will abuse notation by using the same symbol I for the extension of this ideal to the rings A m . The following proposition computes this extension for all m. Before stating it, we introduce a bit of notation. Whenever J is an ideal in an F q -algebra, we write J [q m ] for the ideal generated by q m th powers of elements of J.
Proposition 4.1.1. Let m ≥ 1. We have
Proof. Let R be an object of C. A continuous homomorphism A m → R corresponds to a deformation G of G 0 to R together with an n-tuple x 1 , . . . , x n ∈ R constituting a Drinfeld basis for G We claim that the tuple x 1 , . . . , x n is a Drinfeld basis for G 0 [π m ](R). This comes down to the claim that T q n is divisible by [π] G 0 (T ) in R T . But this is certainly true because G 0 has height n.
Therefore A m /I has the following moduli interpretation: for any local Noetherian k-algebra R, Hom(A m /I, R) is in bijection with the set of n-
Finally, we include a useful lemma which compares the ideal I to the maximal ideals of the A m . 
follows easily from the fact that I m is generated by n elements, namely X n . We have
The formal O K -module G 0 has height n, so the power series [π] G 0 (T ) has no terms of degree less than q n . Since G univ is a deformation of G 0 , all terms of degree less than q n in [π] G univ (T ) are contained in the maximal ideal of A 0 , which is in turn contained in I. It follows that all terms of 
The deformation functor at infinite level
Let A ∞ = lim − → A m , and let A be the I-adic completion of A ∞ . Define the formal scheme M G 0 by
Our goal is to give a description of M G 0 in terms of formal K-vector spaces. This description will have nothing to do with formal O K -modules or Drinfeld level structures. We start by showing that I-adically completing A ∞ does not introduce nilpotent elements.
Proposition 4.2.1. A is reduced.
Proof. Suppose that a ∈ A has a 2 = 0. Let a 1 , a 2 , . . . be a sequence of elements of A ∞ which converge to a. Let N ≥ 1 be arbitrary.
We continue with a description of A/I. Proposition 4.2.2. We have an isomorphism of k-algebras 
The case of height 1
Suppose that G 0 is a formal O K -module of height 1 over k; then classical Lubin-Tate theory shows that there is a unique deformation of G 0 to any object in C.
For an object R of C, a Drinfeld basis for 
Proposition 4.3.1. The map φ is an isomorphism. ThusL ∞ is a perfect field, isomorphic to k((t 1/q ∞ )), the t-adic completion of the perfect closure of k(t).
Proof. Since Φ m (T ) modulo πO L T is a unit times T q m−1 (q−1) , the same is true modulo λA m T , and we have an isomorphism
This shows that φ is surjective: any b ∈ OL ∞ can be written b = φ(a 1 ) + ̟b 1 = φ(a 1 ) + φ(t)b 1 . But then we can write b 1 = φ(a 2 ) + φ(t)b 2 , and so forth, the result being that b = φ(a 1 + ta 2 + . . . ).
For injectivity, suppose φ(a) = 0. Since k t 1/q ∞ is perfect and OL ∞ is reduced, we have φ(a 1/q m ) = 0 for all m ≥ 1. Since φ modulo t is an isomorphism, we have that a 1/q m is divisible by t for all m, which shows that a = 0.
Determinants of truncated BT modules
Returning to the general case, G 0 is once again a formal O K -module of height n. 
2. Assume that k = k. Let R ∈ C, and let G be a deformation of G 0 to R. Let ∧G be the unique deformation of ∧G 0 to R. The family µ m,0 lifts to a compatible family of O K -alternating maps of O K -module schemes
Further, µ m has the property that if x 1 , . . . , x n is a Drinfeld basis for
Part 1 is a special case of the main theorem of the thesis of Hadi Hedayatzadeh [Hed10] , who constructs arbitrary exterior powers of π-divisible modules of dimension ≤ 1 over a field. The methods there could probably prove Part 2 as well even without the hypothesis that k be algebraically closed. We prove both parts in §5.2.
Letting m → ∞ in Prop. 4.4.1, we obtain an O K -alternating map
Tensoring with K and applying Lemma 3.1.3, we get a K-alternating mapG n → ∧G of functors Nilp R → Vect K , which we also call µ. Now by part (2) of Lemma 3.1.4,G and ∧G are formal K-vector spaces over R. We also have the top exterior power ∧G of the formal K-vector spaceG, as in §2.3. By the universality of ∧G, we may deduce:
There is an isomorphism ∧G → ∧G of formal K-vector spaces over R making the diagram commute:
The main theorem
Recall that G univ is the universal deformation of G 0 to A 0 . We assume henceforth that k is algebraically closed. Lemma 4.4.1 gives us the top exterior power ∧G univ . All the same we could have considered a lift G of G 0 to O L , and taken its top exterior power ∧G. Since both ∧G univ and ∧G are deformations of the same height 1 formal O K -module ∧G 0 , we must have
We have a universal Drinfeld basis for G univ [π m ](A m ). Passing to the limit as m → ∞, we get elements x 1 , . . . , x n ∈ lim ← −π G univ (A) =G univ (A). The determinant δ(x 1 , . . . , x n ) constitutes a Drinfeld basis for ∧G over A 
The main theorem of the paper is:
Theorem 4.5.1. The above diagram is Cartesian. That is, M G 0 is isomorphic to the fiber product ofG n and M ∧G 0 over ∧G.
The proof will occupy us for the rest of the section. Here is an overview. The fiber product ofG n and M ∧G 0 over ∧G is an affine formal scheme, say Spf B. We have a map φ : B → A which we claim is an isomorphism.
The proof will proceed by establishing the following facts:
1. A is perfect.
The Frobenius map is surjective on B.
3. There exists a finitely generated ideal of definition J of B such that φ descends to an isomorphism B/J → A/I. 
A is perfect
Consider the power series [π] G 0 (T ) as lying in A T via the inclusion k ֒→ A. We can do slightly better than Eq.(4.1.2):
Proof. Let I 0 be the maximal ideal of A 0 . The congruence holds modulo I 0 T , so this is a matter of showing that I 0 ⊂ I 2 . The quotient A 1 /I 0 classifies Drinfeld bases for G 0 [π]. For a k-algebra R, an n-tuple x 1 , . . . , x n ∈ R is a Drinfeld basis for G 0 [π](R) when the product
, which is true if and only if each of the coefficients u i = 0 for i = 0, . . . , n − 1. Here we have u i = U i (x 1 , . . . , x n ) for a homogeneous polynomial U i ∈ k X 1 , . . . , X n of degree at least 2. We find that
where
i , Since I = (X 1 , . . . , X n ), we find that I 0 ⊂ I 2 .
By Lemma 4. 
, and therefore X (1) i ∈ I + I 2 . Since the X (1) i generate I, we have I ⊂ I + I 2 . Since I is a finitely generated ideal, I/I is a finitely generated A-module. The inclusion I ⊂ I + I 2 shows that I ·(I/I) = I/I. By Nakayama's lemma, I/I is annihilated by some element of 1+I. But 1+I ⊂ A × , so that I/I = 0 and therefore I = I. Proposition 4.6.3. A is perfect. Proof. A is reduced (Prop. 4.2.1), so it suffices to show that Frobenius is surjective on A. From Prop. 4.2.2 we see that Frobenius is surjective on A/I. From Lemma 4.6.2 we see that I is generated by finitely many elements Y i which admit arbitrary qth power roots. These facts suffice.
Applying Prop. 4.6.3 in the case of n = 1 shows that the fieldL ∞ is perfect.
The Frobenius map is surjective on B
By Lemma 2.4.1, we have isomorphisms of formal schemes
Therefore we have the following presentation of B:
is a perfect O L -algebra, it is clear from this presentation that the qth power Frobenius map is surjective on B.
The isomorphism B/J → A/I
Let G be an honest lift of G 0 to O L , so that we may identifyG with the universal cover of G(cf. the discussion at the end of §3.1). Thus for R ∈ Nilp O L we haveG(R) = lim ← −π G(R). For an element x ∈G(R), we write (x (1) , x (2) , . . . ) for the corresponding sequence of elements of G(R). Similarly, we have ∧G, the unique lift of ∧G 0 ; we use a similar convention for elements of ∧G(R) = ∧G(R).
Recall that Spf B was defined as the fiber product ofG n and M ∧G 0 over ∧G. Thus for an object R of Nilp O L , Hom(B, R) is in bijection with the set of n-tuples x 1 , . . . , x n ∈G n such that δ(x 1 , . . . , x n ), a priori just an element of ∧G(R), actually lies in lim ← − ∧G[π m ](R), with each δ(x 1 , . . . , x n ) (m) constituting a Drinfeld basis for ∧G[π m ](R). This last condition is equivalent to the condition that δ(x 1 , . . . , x n ) (1) be a Drinfeld basis for ∧G[π](R).
Recall that I ⊂ A is the ideal (X
1 , . . . , X
n ). This ideal contains π. In the proof of Prop. 4.2.2, we gave the following moduli interpretation for the closed subscheme Spec A/I ⊂ Spf A: For a k-algebra R, Hom(A/I, R) is in bijection with the set of n-tuples of elements x 1 , . . . , x n ∈ lim ← − G 0 (R) with
Let J ⊂ B be the finitely generated ideal corresponding to the conditions π = 0 and x (1) i = 0, for i = 1, . . . , n. That is, for a k-algebra R, Hom(B/J, R) is in bijection with the set of n-tuples x 1 , . . . , x n ∈G n such that x
(1) i = 0, with the additional condition that δ(x 1 , . . . , x n ) (1) be a Drinfeld basis for ∧G[π](R).
By Prop. 4.4.2, we have
However, we have already seen (cf. the proof of Prop. 4.1.1) that 0 constitutes a Drinfeld basis for ∧G[π](R) for any k-algebra R. Thus the "additional condition" of the previous paragraph is automatically satisfied. From the functorial descriptions of Spec B/J and Spec A/I above, we see that B/J → A/I is an isomorphism.
5 Some explicit calculations
The standard formal F -vector space
Definition 5.1.1. Let n ≥ 1. The standard formal K-vector space of height n over k is the one-dimensional formal K-vector space V which arises from the continuous F q -algebra homomorphism K → k((π)) which sends π to τ n . Thus if R is a k-algebra, V(R) is equal to the K-vector space lim ← −τ Nil(R), where π acts through X → X q n .
Let V be the standard formal K-vector space of height n over F q . Let e ∈ M (V ) represent the identity morphism in Hom Fq (V, G ♭ Fq ). Then M (V) has K-basis F i (e) , i = 0, . . . , n − 1. With respect to this basis, the matrix of
Thus the top exterior power ∧M (V) is an isocrystal of dimension 1, where F acts as the scalar (−1) n−1 π. Thus π acts on ∧V(R) = lim ← −τ Nil(R) by X → (−1) n−1 X q .
Write ̟ for the qth power Frobenius endomorphism of V, so that ̟ n = π. Then the endomorphism algebra End V ⊗ F q n is the noncommutative ring of power series m≫−∞ a m ̟ m , with a m ∈ F q n , subject to the rule ̟a = a q ̟, for a ∈ F q n . Call this algebra D: it is the central division algebra over K of invariant 1/n. Write N : D → K for the reduced norm.
It will be useful to have an expression for the determinant map δ : V n → ∧V. For indeterminates T 1 , . . . , T n in any F q -algebra, let ∆(T 1 , . . . , T n ) be the Moore determinant:
Then ∆ induces an F q -alternating (but certainly not K-alternating) map V n → ∧V which we also call ∆.
Lemma 5.1.2. The determinant map δ : V n → ∧V is given by
Here the sum ranges over n-tuples of integers (a 1 , . . . , a n ) satisfying i a i = 0.
Finally, note thatG n has an action of the product
. Considering the action on the coordinate module ofG n , we see that the diagram
commutes.
The standard formal O K -module, and its universal deformation
Let G 0 be the formal O K -module over F q whose underlying F q -module isĜ a and for which multiplication by π is [π] G 0 (X) = X q n . Then G 0 has height n. Then O D = End G 0 is the ring of integers in a division algebra D/K of invariant 1/n.
We have A 0 = F q u 1 , . . . , u n−1 . The universal deformation G univ of G 0 is the one for which
In this situation we can prove Prop. 4.4.1 "by hand". It suffices to construct the compatible family of alternating forms µ m on the universal deformation G univ . Let ∧G be the one-dimensional formal O K -module over
The Moore determinant determines an F q -alternating map G n → ∧G which we also call ∆. Then the desired form µ m is
where the sum runs over tuples of integers (a 1 , . . . , a n ) with 0 ≤ a i < m and Theorem 5.2.1. We have an isomorphism of topological F q -algebras
Proof. By Thm. 4.5.1, we have an isomorphism of complete local O L -algebras
is surjective with kernel generated by π −g(X) for some fractional power series g(X) ∈ F q X 1/q ∞ without constant term. Thus
The group actions
Let us now assume that G 0 is the (unique) formal O K -module of dimension 1 and height n over F q . As before, let A m be the local ring governing deformations of G 0 with Drinfeld π m level structures, and let A be the completion of lim − → A m with respect to the maximal ideal of A 1 . Then A is a complete local OK nr -algebra, whereK nr = F q ((π)). Let M = Spf A. Thm. 4.5.1 shows that M is the fiber product
is the division algebra of invariant 1/n. ThenG n , being a formal K-vector space, admits a left action of GL n (K) × D × . Since we are ultimately interested in the actions of groups on cohomology, where we would prefer left actions, we use the transpose on GL n (K) and the inversion map on D × to get a right action of
Let C be the completion of an algebraic closure ofK nr , and consider
, which we define as the kernel of the map
where χ : W ab K → K × is the inverse of the isomorphism of local class field theory and v is the valuation on K. This action is defined as follows. If w ∈ W K is an element lying over the q m th power Frobenius map, then w induces a morphism of formal schemesG
On the other hand, the q m th power Frobenius isogeny
Composing the first map with the inverse of the second gives a mapG O C →G O C . Explicitly, the action of w onG O C = Spf O C X 1/q ∞ is as follows: it acts on the scalar ring O C via its natural action, and it sends X to X q −m . ThenG n O C gets an action of the triple product group
The existence of the map M → Spf OK ab shows that M O C is fibered over Spf OK ab⊗OK nr O C . Let E be the set of continuousK nr -linear field embeddingsK ab → C. Then E is a principal homogeneous space for Gal(K ab /K nr ) ∼ = O × K , and as such it has a natural topology. Let C(E, O C ) be the O C -algebra of continuous maps from E into O C . We have an isomorphism of O C -algebras
Choose aK nr -linear embeddingK ab → C and let
From the description of A in Thm. 4.5.1, we have an isomorphism
, (5.3.1) where δ(X 1 , . . . , X n ) is the element of Eq. (5.2.1).
6 The Lubin-Tate perfectoid space, and special affinoids Let M ad be the adic space associated to the formal scheme M. That is, M ad is the set of continuous valuations on A ≈ F q X 1/q ∞ 1 , . . . , X 1/q ∞ n . The existence of the map OK ab → A shows that M ad is fibered over Spa(OK ab , OK ab ). Let η = Spa(K ab , OK ab ) be the generic point of Spa(OK ab , OK ab ), and let M ad η be the generic fiber. Thus M ad η is the set of continuous valuations | | on A for which |π| = 0.
The fieldK ab is a complete and perfect nonarchimedean field whose valuation is rank 1 and non-discrete. It is thus an example of a perfectoid field, cf.
[Sch11b], Defn. 3.1.
Lemma 6.0.1. M ad η is covered by affinoids of the form Spa(R, R + ), where R is a perfect BanachK ab -algebra whose set of power-bounded elements is open and bounded.
Proof. This is a consequence of the fact that A is a perfect complete flat OK ab -algebra admitting a finitely generated ideal of definition (X 1 , . . . , X n ). A family of affinoids which cover M ad is given by the rational subsets defined by |X i | N ≤ |π|, for N ≥ 0. One takes R = A X N 1 /π, . . . , X N n /π [1/π], and R + the integral closure of A X N 1 /π, . . . , X N n /π in R. The Banach norm on R is the one induced by R + : x = inf |t| , t ∈K ab , tx ∈ R + . Under this norm, R + is open and bounded, and the set of power-bounded elements of R is R + . By Prop. 5.9 of [Sch11b], the rings R appearing in the lemma are perfectoid K-algebras (Defn. 5.1), so that each (R, R + ) is a perfectoid affinoid K-algebra (Defn. 6.1). The adic spectrum Spa(R, R + ) is an affinoid perfectoid space, and therefore M ad η is a perfectoid space (Defn. 6.16), which we call the Lubin-Tate perfectoid space.
Recall that C is the completion of an algebraic closure ofK nr . We write η = Spa(C, O C ) and M ad η for the geometric adic generic fiber of M. Fiber products exist in the category of perfectoid spaces ([Sch11b], Prop. 6.18), so Thm. 4.5.1 has an analogue in the adic setting. That is, we have the adic generic fiberG n,ad η (resp., ∧G ad η ) of the formal schemeG n O C (resp., ∧G O C ), and the adic generic fiber M ad ∧G 0 ,η of M ∧G 0 . All of these are perfectoid spaces over C, and M ad η is the fiber product ofG n,ad η and M ad ∧G 0 ,η over ∧G ad η .
6.1 CM points
CM points
Let L/K be an extension of degree n, with uniformizer π L and residue field
Equivalently, H has CM by L if it is isogenous to a formal O L -module (necessarily of height 1). Fix such a CM deformation H over OL nr . Let L ∞ be the field obtained by adjoining the π m torsion of H toL nr . If φ is a level structure on H, we get a triple (H, ρ, φ) defining anL ∞ -point of M ∞ . Points of M H 0 ,∞,C constructed in this matter will be called CM points (or points with CM by L).
Let x be a point of M ∞ corresponding to the triple (H, ι, φ). Then x induces embeddings j x,1 = : L → M n (K) and j x,2 : L → D, characterized by the commutativity of the diagrams
The group GL n (K) × D × acts transitively on the set of CM points; the stabilizer of any particular CM point x is the image of L × under the diagonal map α → (j x,1 (α), j x,2 (α)). If the CM point x is fixed, we will often suppress j x,1 and j x,2 from the notation and think of L as a subfield of both M n (K) and D.
By Lubin- Tate 
Recall also that there is an exact sequence
Proof. This is tantamount to the statement that x rec L α = x (1,α −1 ) , and will follow from classical Lubin-Tate theory.
By replacing x with a translate, we may assume that H/O L admits endomorphisms by all of O K , and that φ maps O n K isomorphically onto T (H).
In [LT65] , the main theorem shows that the maximal abelian extension L ab /L is the compositum of L nr , the maximal unramified extension, with L ∞ , the field obtained by adjoining the roots of all iterates
In the notation of [LT65] , the Artin symbol (α, L ab /L) restricts to the mth power of the (arithmetic) Qth power Frobenius Fr Q on L nr and sends a root
. This completes the proof of the claim.
Let σ be the image of w in Gal(L/K), letj x (w) = L × (g, b), and let α ∈ L × be arbitrary. Repeatedly using the fact that the actions of GL n (K)×D × and W K on M H 0 ,∞ (O C ) commute, we have by the previous lemma
so that b −1 αb = α σ . A similar calculation shows that g −1 αg = α σ . Let N and N D be the normalizers of L × in GL n (K) and D × , respectively. Then both N and
The above calculation shows that (g, b) lies inÑ . Thus j takes values in the group L × \Ñ , and one sees from the calculation
This isomorphism is characterized by the property that
(This is clear as soon as we identify G with Aut K L, and N as the semidirect product of L × (acting by left multiplication on L) and Gal(L/K)). Choose a splitting Gal(L/K) → GL n (K), and identify Gal(L/K) with its image. There is an isomorphismÑ /L × → N D given by sending (ασ,
Then S is generated by the following collections of elements:
Proof. We have already seen that these elements fix x. Suppose (g, b, w) fixes x, so that to Y. This calculation will enable us to compute the reduction of Z. That is, if Z = Spa(S, S + ), we give an explicit description of S + ⊗ O C F q .
It will be simpler for us to assume that there exist x ∈G(O C ) and elements α 1 , . . . , α n ∈ F q such that x i = α i x. This is equivalent to the assumption that the embedding
is in bijection with the set of topologically nilpotent elements in O C . We will intentionally confuse x i and x with the elements of O C to which they correspond. Similarly, the exterior product x 1 ∧ · · · ∧ x n ∈ ∧G(O C ) corresponds to a topologically nilpotent element t ∈ O C . Note that |π| = |x| q n −1 = |t| q−1 .
We now describe the affinoid Y.G 
The system is nondegenerate because the x i are linearly independent over F q .) We define Y by the conditions |Y i | ≤ 1, i = 1, . . . , n. This is a rational subset ofG
The ring R is perfect, so thatG(R) may be identified with the set of topologically nilpotent elements Nil(R) of R. The elements X 1 , . . . , X n ∈ R are topologically nilpotent and therefore determine an n-tuple inG n (R). We may take their exterior product to get an element of ∧G(R), which we identify with a topologically nilpotent element δ(X 1 , . . . , X n ) ∈ R.
We intend to give an approximation of δ(X 1 , . . . , X n ) in terms of the variables Y 1 , . . . , Y n . For this, we recall the construction of the determinant of a formal vector space. We have the isocrystal M * (G 0 ): this is aK nrvector space of dimension n with a Frobenius-semilinear automorphism F . It admits a basis e, F e, . . . , F n−1 e, with F n e = π −1 e. We have an isomorphism
which carries z ∈ Nil(R) onto v(z) = i∈Z F i e⊗z q i . The top exterior power ∧M * (G 0 ) has basis f = e ∧ · · · ∧ F n−1 e, on which F acts as (−1) n−1 π −1 . We have the elements X 1 , . . . , X n ∈ Nil(R) n , and we can form the exterior product
−r e ⊗ xY r + F −mn e ⊗ xY n , and for j = 0, . . . , n − 1 let
so that for j = 1, . . . , n we have
Lemma 6.3.1. Up to a sign, the sum of the nonconstant terms in the coefficient of f in U 0 ∧ · · · ∧ U n−1 are congruent modulo x q m+n R to the sum of the nonconstant terms in the coefficient of f in m+n−1 i=m
Proof. In the expansion of U 0 ∧ · · · ∧ U n−1 we encounter terms of the form m−1 i=0
, where (b 0 , . . . , b n−1 ) is an n-tuple of integers with b i ≡ i (mod n). After substituting the expression for W , we find that the coefficient of f in
Here s i assumes one of the values 0, (m − 1)n/2 + 1, . . . , (m − 1)n/2 + n − 1, mn, with 0 occurring only if and only if z i is a constant. These must satisfy i (b i − s i ) = n(n − 1)/2. Furthermore the b i − s i must be distinct modulo n, so that if any s i assumes the value (m − 1)n/2 + r, then there must be a j with s j = (m − 1)n/2 + r ′ .
If T is nonzero modulo x q m+n R, then we have b i ≤ m + n − 1 for i = 1, . . . , n−1. Since the b i are distinct modulo n, we have i b i ≤ m+n−1 i=m i = mn + n(n − 1)/2. Thus i s i ≤ mn. If in addition T is nonconstant, then at least one of the s i is nonzero. Thus either one of the s i equals mn, or else we have s i = (m − 1)n/2 + r and s j = (m − 1)n/2 + r ′ for some i and j. Since i s i is divisible by n, this shows at once that i s i = mn. Therefore i b i = mn+n(n−1)/2, which implies that the b i are the integers m, m + 1, . . . , m + n − 1.
Let ψ be the K⊗ Fq R-linear endomorphism of M * (G 0 )⊗ Fq R whose matrix is
with respect to the basis e ⊗ 1, . . . , F n−1 e ⊗ 1. Then for j = m, . . . , m + n − 1 we have ψ(F j e ⊗ x q j ) = F j ⊗ τ j (W ). The determinant of the matrix in Eq. (6.3) takes the form 1
Thus the coefficient of f in m+n−1 j=m
Combining this with Lemma 6.3.1 gives Proposition 6.3.2. We have the congruence
for some ε > 0.
Recall from Eq. 5.3.1 that Since this ring is perfect, it is integrally closed in S, and so S + = S ′ . From this description of S + and the congruence in Prop. 6.3.2 we get a description of Spec(S + ⊗ O C F q ), which is the reduction of the affinoid Z • . Then U and U D map Y onto itself. Recall that S is the stabilizer of x in GL n (K) × D × × W K . From Prop. 6.2.2 it is easy to see that S normalizes U × U D × {1}. Let J ⊂ GL n (K) × D × × W K be the subgroup generated by U × U D × {1} and S. 
Let P ⊂ L be the double-sided ideal
Lemma 6.5.1. The quotient S = L/P is an F q n -algebra of dimension n+1.
It admits a basis 1, e 1 , . . . , e n . Multiplication in S is determined by the following rules. We have e i α = α q i e i , all α ∈ F q n . If m = 1, then the product e i e j is e i+j if i + j ≤ n, and is 0 otherwise. If m ≥ 1, then e i e j is e n if i + j = n, and is 0 otherwise.
Proof. This is a simple calculation. An interesting feature is that the roles of M n (K) and D alternate based on the parity of m. If m is even, then e i is the image of (π m/2 σ i , 0). If m is odd, then e i is the image of (0, π (m−1)/2 ̟ i ).
(The family of orders which we have called L is best understood from the point of view of harmonic analysis on M n (K) × D. See [Wei10b] for a thorough discussion of these orders in the case n = 2.) Let U be the affine group variety over F q whose points over an F qalgebra R are formal expressions 1 + α 1 e 1 + · · · + α n e n , with α i ∈ R. The group operation is determined by the same rules as in Lemma 6.5.1. Thus there is a natural surjection U × U D → U(F q n ). Of course we have U = Spec 
